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society of Actuaries
Exam G: Gonstruction and
Evaluation of Actuarial Models

Introduction:

This compilation of equations is designed to aid the student in preparing for Exam C
(Construction of Actuarial Models) offered through the Society of Actuaries starting in the
spring of 2005. The comprehensive list contains equations for building and validating survival
models used in the actuarial practice. This formula sheet includes topics from maximum
likelihood estimation to credibility to simulation. Equations for creating cubic splines, a new
topic on the exams, are also featured. The list is not guaranteed to cover all the material on the
exam. Many nominal equations that are unlikely to show up on an exam are not included. The
350+ formulas are neatly organized into several categories. Refer to the table of contents for
guidance.
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Section 3: Estimation of the Survival Function
Hazard Rate:

Hazard rate function = force of mortality = A(x) = H'(x) = Jx) = il €] =u,
s(x)  s(x) '

Cumulative hazard rate function = H(x)= J.h( ) dy

H(x)=—-In(s(x)) AND  s(x)=e "™
Nelson — Aalen estimate:
H(x) :ZS—’ for 7, <x<i,
i=1 T
H(x) can be used to estimate §(x): §(x)= e 1

k = quantity of unique observations in the sample
x, = the original ith observation in the data set

¢, = time of the jth unique event in the sample

s, = total number of events at time ¢,

d, = left truncation value for observation i = number of people entering the study at time i
u, = right-censored value for observation i

= number of people leaving the study for causes other than death at time i
P, = population during time ¢,

= Count(x, | x; 2t,;) + Count(u, |u, 2t,) - Count(d, |d, >21t,)

= (all deaths occurring now or in the future) + (all members withdrawing now or in the
future) — (all new entrants now or in the future)

k
r, =risk set = ZSZ.

i=j

Distribution of entrants and withdrawals for large data sets:
a = proportion of additional insureds entering prior to ¢,

B = proportion of surrenders occurring before ¢,
r,=P tad; - pu,

Common options for ¢ and f:

(1) a=0.5 and £ =0.5 : Entrants and withdrawals occur uniformly over each
time period. Half the withdrawals and half the new entrants occur before ¢, and

the remainder of withdrawals and entrants for the time period occur after ;.

(2.) a=0.5and g =1 : Entrants occur uniformly during each time period, and
all decrements occur at the start of each time period.
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(3.) a=1and g =0 : All entrants occur at the start of the time period, and all
the surrenders occur at the end of the period following all the deaths.

Options for surrenders during a time period:

(1.) Surrenders are uniformly distributed during each period. Half of the surrenders
occur before the midpoint of the period, followed by all the deaths at the
midpoint, followed by the remaining half of the surrenders.

(2.) Surrenders happen only at the conclusion of a time period, along with all the
deaths.

0, x<y,

n .
F (x)= Lt <x<t,
n n J

st =

Lx=y,

Kaplan-Meier Product-Limit Estimator:

Jol o
S (1) = L% fort, <<t
n j-1 J

i=1 i
*Suppose x, is right-censored and k >i. x, is included in the calculation of 7, but x,

is not included in the calculation of s, .

Options for S, (¢) estimates beyond the largest age of death recorded (xu):
(1.) Let S, (1) =0 V t>x,
(2.) Let S, (1) = S,(x,) V t>x,
(2) Let S, () = S, (x,)""* = (last survival rate)™

t
E(quantity of death events between times 0 and t) = Ih(u) *r(u) du
0
= integral over all forces of mortality and risk set sizes as the time goes from O to t

Table Format for Survival Estimation Problems:
j t 5; 1] H(t,) OR §(t,)
J J d J Estimate from Nelson-Aalen or Kaplan-Meier

Binomial Distribution:

X = number of successes

X ~ Binomial(n, p)

n = number of trials

m = number of classes for each trial/observation = 2

p = probability of success, q = probability of failure=1—p
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r = number of successes
n —r = number of failures

E(X) =np

Var(X) = Var(number of successes) = npq

Var(proportion of successes) = —- = 24
n

Binomial Distribution for Survival:
S, (x) = proportion of trials greater than x

S, (x) ~ Binomial Proportion

n = number of observations

p=S(x)
q=F(X)

Individual Data:
Suppose n_ = amount of insureds alive at time X

nx

Sn(x)=7

VCII"(Sn (X)) = Var(Fn (x)) = M ~ Va"r(Sn ()C)) — Sn (x)(l _Sn (x))
n n

- - — 1A A _ téx *tﬁx
Var(l‘px | Sn (x)) - Var(l‘qx | Sn (x)) -

X+t

n.(n-n,)

V&r(Sn (x)) = }’l3 = V&r(x]ao | nx)

~ n AlD e, * (nx N )
var(,q,|n,)=Var(,p,|n,)=—""—""—""
n

X

Grouped Data:
*Data exist in intervals (¢, ,, c;)

p; =Pr(xe(c;,,c,))
n; = Count(x; | x; € (¢, , c;)) ~ Binomial(n, p=n;/n)

N, = Count(x, | x; <c,)) ~ Binomial(n, p =N /n)

% J

N,(n=N,) _ N, *n—Nj

Var(N,) = = npq
n n
n.(n—n, n, n—n,
V&r(nj)z—’( ) = p*L* L =npq
n
. n,*N, n, N,
Cov(n;, N;)=—— — = _p¥=*_=
n n o n
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Suppose x e (c; ,c;),and p, and §,(c;) are binomial proportion variables. Then,
) c,—Xx
Var(S,(x)) =Var|| ——— |*p, +S,(c,)
c,—¢;,

2
_ c;—X *pj*qj+Sn(cj)*(1_Sn(cj))_2* C;—X * pj*Sn(cj)
c,— ¢, n n c;,—C; n

B . n, ) 1 g - _ Var(n;)
Cl’”(fn (x)) = Var n(cj ~ CH) = n(cj _CH) ai”(nj) n? *(Cj _cH)z

Suppose x,,x, €(c;,,c;) and p; is a binomial proportion variable. Then,

_ _ 2 *
Var(Pr(x, < X <x,)) = Var| | 221 |+ P, |= X,=x | L P74
€ =€ C; € n

J

Confidence Interval for S, (x;):

{Sn(xj)_za/z*\/Sn(xj)*(lSH(Xj)), Sn(xj)-i'za/z*\/s”(xj)*(lS”(xj))]

n n

Greenwood’s Approximation (for individual and grouped data):
*Applies to Kaplan-Meier estimate

var(S,(y,)=8,(y,)" *

J
l:lrl*( )

Var(,p,)=Var(,q,) cpxz*Z}fg————
i=1 1 ( -5, )
*Start 1 at the next event after time x.

*End at time x + t, inclusive

Estimated variance for H r;):

* Applies to Nelson-Aalen estimate

R J

Var(i(y,) = 3%
i=1 ¥;

Multinomial Distribution:

n = number of trials

m = number of classes for each trial/observation

pi = probability of the next observation belonging to class 1

qi = probability of the next observation not belonging to classi=1—p;
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n; = number of observations in class 1
Var(number of observations in class 1) = Var(n,) =n* p, *g,

n*p;*q; _pi*q

Var(proportion of observations in class 1) = Var(p,) = >
n n
Cov(number in class i, number in class j) = Cov(n;, n;) = —n*p, * p,
p*p;
Cov(proportion in class i, proportion in class j) = Cov(p,,p,) = ———
n

Confidence Intervals:
Linear Confidence Interval for S,(t):

Lower Limit: S, (1)—z,,, */Var(S,(2))
Upper Limit: S, (¢t)+z,,, */Var(S,(?))

Log-Transformed Confidence Interval for S;(t):
- e[ *Jvar(s, (r»]
S, () *In(S, (1))
Lower Limit: S, (¢)"""
Upper Limit: S, (¢)”

Linear Confidence Interval for H(7):

Lower Limit: H(t) -z, ,, */Var(H(1))
Upper Limit: H ") +z,,,* V&r(ﬁ (1))

Log-Transformed Confidence Interval for H (®):

o e{zm *JV@r(%))J

H(1)
Lower Limit: H(¢)*W ™!
Upper Limit: H *w

Kaplan-Meier Approximations:

Digital Actuarial Resources, Exam C Equation List




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




